We present a class of three-dimensional solitary waves solutions of the Gross-Pitaevskii (GP) equation, which governs the dynamics of Bose-Einstein condensates (BECs). By imposing an external controlling potential, a desired time-dependent shape of the localized BEC excitation is obtained. The stability of some obtained localized solutions is checked by solving the time-dependent GP equation numerically with analytic solutions as initial conditions. The analytic solutions can be used to design external potentials to control the localized BECs in experiment.
a magneto-trap both for repulsive and attractive interactions in a limited parameter range in spherically symmetric trap [18] . The stabilization and controlling of the BECs in asymmetric traps have been investigated by considering the time-dependent solutions of the GP equation [20] . Stable condensates with a limit number of atoms of 7 Li with an attractive interaction have been observed in a magnetically trapped gas [19] . The formation of matter-wave solitons [4, 5] and trains of solitons [8, 9] have been observed in BECs of 7 Li atoms that are confined in a quasi-one-dimensional trap and magnetically tuned from repulsive to attractive interactions. The solitons are predicted to either collapse or explode, depending on the parameters of the BECs and on the confining or repulsive potential [21] . The collective collapse [22, 23] and explosion [23] of BECs with attractive interactions have been observed in experiments. Several theoretical and experimental studies of coherent matter waves are contained in Ref. [24] . Wang et al. [25] have presented the analytical dark and bright solitons of the one-dimensional GP equation with a confining potential. The generation of matter wave dark and bright solitons in a prescribed external potential for confining the BECs have been investigated with a periodically varying nonlinear coefficient [26, 27] . A tight transverse trap with a gradually varying local frequancy along the longitudinal direction induces an effective potential for one-dimensional solutions in a self-attracted BEC [28] . The propagation of a dark soliton in a quasi-1D BEC in the presence of a random potential has been studied by Bilas and Pavloff [29] . Furthermore, there is a recent theoretical study of exact one-dimensional solitary wave solutions in a radially confining potential [30] . The dynamics of the one-dimensional bright matter wave soliton in a lattice potential has been studied by Poletti et al. [31] . Two-dimensional dark solitons to the nonlinear Schrödinger equation are numerically created by two processes to show their robustness (e.g. stable against the head-on collision). Stellmer et al. [32] present experimental data exhibiting the head-on collision of dark solitons generated in an elongated BEC. Experiments do not report discernible interaction among solitons, demonstrating the fundamental theoretical concepts of solitons as quasiparticles.
In this paper, we theoretically study possibility of controlling the time-dependent dynamics of the BECs in threedimensions with a carefully spatially shaped, time-dependent controlling potential. This idea is theoretically supported by our recent mathematical investigations [33] and on the improvement of the recently-proposed 'controlling potential method' [34] . From the experimental point of view, this idea could be realized by techniques involving lithographically designed circuit patterns that provide electromagnetic guides and microtraps for ultracold systems of atoms in BEC experiments [35] , and by optically induced "exotic" potentials [36] . The stability of the obtained analytic solutions are investigated numerically by direct integration of the time-dependent GP equation.
II. THEORY
The dynamics of BECs is in a non-uniform potential is governed by the three-dimensional Gross-Pitaevskii equation [15, 16] ih
where m is the atomic mass, and V ext is the external potential, g = 4πh 2 a/m where a is the short-range scattering length, which can be either positive or negative, giving rise to either repulsive or attractive interactions, and N is the number of atoms in the BECs. Typical parameters values where solitons have been observed in BECs of 7 Li atoms are N = 10 4 -10 5 at a temperature of 1-10 µK and a magnetic field ∼ 400-600 G, leading to a small scattering length of a ≈ −0.2 nm [4, 9] . In Eq. (1), Ψ is normalized such that |Ψ| 2 d 3 r = 1. Equation (1) can be cast into the dimensionless form
where the time t is normalized by t 0 = (4π) 2 ma 2 N 2 /h, space r by r 0 = 4π|a|N , the external potential U ext bȳ h 2 /(4π) 2 ma 2 N 2 , and ψ = r 3/2 0 Ψ, so that |ψ| 2 d 3 r = 1 in the normalized spatial variables. With this normalization, we have g = +1 for a > 0 and g = −1 for a < 0. For typical experimental values N = 6000, |a| = 0.2 nm and m = 1.17 × 10 −26 kg ( 7 Li) [9] , we would have r 0 = 16 µm and t 0 = 0.028 s. Our goal is to design the external potential to obtain a desired time-dependent shape of the solution.
We concentrate on a sub-class of solutions, in which the GP equation can be separated into one linear, twodimensional equation, and one nonlinear, one-dimensional equation. In doing so, we first make a decomposition of the external potential according to [33] 
where r ⊥ is the position vector perpendicular to the z direction, and make the ansatz that the solution can be separated as
where the normalization conditions |ψ ⊥ | 2 d 2 r ⊥ = 1 and |ψ z | 2 dz = 1 are imposed. Inserting Eqs. (3) and (4) into Eq. (2), and reordering the terms, we have
where we have denoted
By requiring that ψ ⊥ satisfies the linear Schrödinger equation
we obtain the one-dimensional GP equation
For the linear Eq. (6) for ψ ⊥ (r ⊥ , t), we assume a parabolic potential well in the form
which yields solutions of Eq. (6) in terms of functions of the form ψ ⊥mn (x, y, t) = ψ xm (x, t)ψ yn (y, t) where ψ αβ (where α = x, y and β = 0, 1, . . .) are Hermite-Gauss functions in the form
(normalized so that
where H β (ξ) are Hermite polynomials of order β. The first few Hermite polynomials are listed in Table I in the Appendix A. Here the phases are given in terms of σ α as
and φ αβ (t) = (2β + 1)φ α0 (t), where
We have that σ α is related to K α by the Pinney equation [39] 
Solving for K α (t) in (12) and inserting the result into (8) we have the potential well
in terms of σ x (t) and σ y (t). Hence, we have the possibility to arbitrarily choosing the time-dependent widths σ x (t) and σ y (t) (and the indices m and n) of our solution, and obtain the potential U perp necessary to sustain that solution. Now, the solution of Eq. (7) for ψ z must be such that the total ψ(r, t) in (4) solves the original GP equation (2) . A special solution is
where phase functions are given by
and
The external potential U z to sustain this solution is given by
where
The details of the derivation of ψ z and U z are given in the Appendix A. The perpendicular solutions ψ ⊥ in (9) and parallel solution ψ z in (14) can now be used to construct the total, three-dimensional solution ψ in (4) of the GP equation (2), and where the external controlling potential U ext in (3) is the sum of U ⊥ in (13) and U z in (17) .
III. ANALYTICAL AND NUMERICAL EXAMPLES

FIG. 1:
The soliton widths σx (solid line) and σy (dashed line) as functions of time, during one oscillation period, for the equilibrium widths σ0x = σ0y = 0.075, the oscillation amplitudes a0x = a0y = 0.25, and the frequency ω = 300.
We will here exemplify our analytic results with exact time-dependent solutions of the GP equation. As mentioned above, we are free to choose arbitrary time-dependencies of the widths σ x (t) and σ y (t). In Eq. (9) we also need the Hermite polynomials H m and in Eqs. (14), (16) and (17) we need the constants δ m , which are given in Table I in Appendix A, for different excited states m. As an example, we choose σ x (t) and σ y (t) to be periodic in time, of the form
where we investigate cases of relatively large amplitude oscillations with a 0x = a 0y = 0.25, and we set σ 0x = σ 0y = 0.075 and ω = 300. In dimensional units with r 0 = 16 µm and t 0 = 0.028 s, this corresponds to a typical soliton width of ∼ 0.075 × 16 µm ≈ 1.5 µm and the frequency 300/(2π × 0.028) Hz = 1.7 kHz. The choice of the functions (19) and (20) the ground state (m, n) = (0, 0) and the excited states (m, n) = (1, 0) and (m, n) = (1, 1), where (m, n) refers to the orders of the Hermite polynomials in the perpendicular solution ψ ⊥mn (x, y, t). The widths are varying such that at time t = 0, the solitons are localized and large amplitude while at later times their amplitudes decrease and their widths increase, first in the y direction and then in the x direction. We note that the external potential is sometimes large amplitude and confining, and sometimes small amplitude and non-confining.
For the analytic results to be observable in experiments, it is necessary that they are stable. To assess the stability of the solutions, we have therefore solved the time-dependent GP equation (2) in three dimensions with the analytic solution as initial condition at time t = 0. We used a box length L x = L y = 2 in the x and y dimensions and L z = 3 in the z direction, with periodic boundary conditions. The spatial derivatives were approximated with a pseudospectral method, and the time stepping was performed with the standard 4th-order Runge-Kutta method. The space was resolved with 64 grid points in the x and y directions and with 200 grid points in the z direction, and the timestep was taken to be ∆t = π/300 000.
In order to seed any instability in the system, we added random perturbations in phase to the initial condition of the order 0.01 rad. We then simulated the system for 5 oscillation periods and measured the maximum density |ψ| the analytic solution, without increasing substantially throughout the simulation. The ground state (m, n) = (0, 0) shows a relative error less than 1 % throughout the simulation while the excited state (m, n) = (1, 1) shows a somewhat larger error but still less than 10 %. Hence the controlled BEC seems to be stable enough to be observed in experiment.
IV. SUMMARY AND CONCLUSIONS
In summary, we have presented a class of three-dimensional solitary waves solutions of the Gross-Pitaevskii (GP) equation, which governs the dynamics of Bose-Einstein condensates. This has been done on the basis of our recent mathematical investigations [33] and improving the formulation of the recently-proposed controlling potential method [34] . By imposing an external controlling potential, a desired time-dependent shape of the localized BECs is obtained. The stability of the exact solutions were checked with direct simulations of the time-dependent, three-dimensional GP equation. Our simulations show that the localized condensates are stable with respect to perturbed initial conditions. We propose that our findings could be tested experimentally by techniques involving lithographically designed circuit patterns that provide electromagnetic guides and microtraps for ultracold systems of atoms in BEC experiments [35] , and by optically induced "exotic" potentials [36] . Furthermore, numerical simulations [40] reveal that soliton emission from a BEC can be controlled by a shallow optical dipole trap. Here, the emission of matter wave bursts is triggered by spatial variation of the scattering length along the trapping axis. The motion of the 1D dark soliton can also be controlled by means of periodic potentials in optical lattices [41] . Finally, it should be noted that repulsive BECs confined by an optical lattice and a parabolic magnetic trap can appear in the form of vortices [42] as well. Computer simulations [43] reveal the condensation of a finite temperature Bose gas in the form of a single vortex. Interactions of solitary waves and vortex rings in a cylindrically controlled BECs exhibit robustness during head-on collisions [44] . We here present a special solution of Eq. (7) for ψ z , such that the total ψ(r, t) = ψ ⊥ (r ⊥ , t)ψ z (z, t) solves the original GP equation (2) . Multiplying Eq. (7) by |ψ ⊥ | 2 and integrating over r ⊥ space, we obtain
where the numerical factor
is evaluated for given values of m. The first few Hermite polynomials and values of δ m are listed in Table I . Equations (7) and (A1) should give the same solution for ψ z , and this imposes restrictions on the external potential. Subtracting Eq. (7) from Eq. (A1) we obtain the compatibility relation
We will consider the special case where the external potential for the one-dimensional GP equation (A1) has the form V (z, t) = (1/2)K(t)z 2 so that
Using the Madelung fluid ansatz [37] 
, we obtain after some manipulations [cf. Eq. (11) of Ref. [38] ]
In Eq. (A6), c 0 (t) is an arbitrary function of t to be determined below and we have denoted U = q 0 (t)|ψ z | 2 + V (z, t) = q 0 (t)ρ + V (z, t). In order to find solitary wave solutions of Eqs. (A6) and (A7), we now assume that
where g(t) (not to be confused with the coupling parameter of the GP equation) is a function to be determined, and we have from Eq. (A8) that
where θ 0 (t) is an arbitrary function of t. Even if a time-dependent phase is included in the transverse solutions ψ ⊥ below, it is necessary to keep θ 0 , since the parallel solutions are required to satisfy a separate equation. Using Eq. (A9), together with the relations ∂v/∂t = g (t)z and (∂v/∂t)dz = (1/2)g (t)z 2 (where the primes denote derivatives) in Eqs. (A6) and (A7), we have
respectively. Multiplying Eq. (A12) by g(t)z and subtracting the result from Eq. (A11), and reordering the terms, we have
If g(t) obeys the Riccati equation
then Eq. (A13) simplifies to
We now introduce the change of variables ξ = G(t)z + R(t) and τ = t, or
which can be introduced into Eqs. (A13) and (A12) to obtain
respectively. Choosing
and R =constant (R = 0 without loss of generality), Eq. (A19) becomes
We now look for a solution in the form ρ(ξ, τ ) = A(τ )F (ξ). With this ansatz, Eqs. (A18) and (A21) can be written as
respectively. For consistency, Eq. (A22) for F (τ ) should be reduced to an equation with the coefficients independent of τ , i.e. c 0 (τ ) and q 0 (τ )A(τ ) must be proportional to G 2 (τ ). Equations (A20) and (A23) also imply that A is proportional to G. Integrating Eq. (A20) as
where we without loss of generality can choose G 0 = 1, we then have
so that Eq. (A22) takes the form (after eliminating the common exponential factor)
Equation (A28), which is the time-independent Korteweg-de Vries equation, admits solitary wave solutions for C 0 < 0 and A 0 Q 0 < 0 in the form
where ∆ = 1/ 2|C 0 |. It follows that
with A 0 = 0, and where we have chosen Q 0 = −2/∆ so that q 0 (t) = −(2/∆)G to ensure that
ρ dz = 1. From (A2) we then have
Since G = 1 at t = 0, we find the width
so that
and g = 1 σ x (t)σ y (t)
Finally we have ψ z (z, t) = − gδ m δ n 4σ x (t)σ y (t) 1/2 sech − gδ m δ n 2σ x (t)σ y (t) z exp i 2 g(t)z 2 + iθ 0 (t) ,
where g is given by (A34). To obtain an expression for θ 0 (t) in terms of σ x and σ y , we use Eq. (A35) to calculate U (z, t), ρ(z, t) and v(z, t), substitute the result into Eq. (A6), taking into account that g = −Ġ/G. This gives dθ 0 /dt = −c 0 , which together with (A26), (A32) and (A33) yields the result
Using (A2) into (A4), we obtain the external potential
where K is found from the Riccati equation (A14) and Eq. (A34) as
